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Abstract 

An infinite set of operator-valued relations in Liouville field theory is established. These 
relations are enumerated by a pair of positive integers (m,n), the first (1, 1) representative 
being the usual Liouville equation of motion. The relations are proven in the framework 
of conformal field theory on the basis of exact structure constants in the Liouville operator 
product expansions. Possible applications in 2D gravity are discussed. 
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1. Introduction 

To give an idea about the subject of this lecture, let's start with a simple observation. 
^ , Consider the classical 2D Liouville equation 

^; dd<p = Me* (1.1) 

Here as usual the complex coordinates z = x + iy and z = x — iy are implied, so that 
d = {d x — id y ) jl and d = (d x + id y ) /2. An irrelevant parameter M is introduced here to 
make equations below more transparent. It follows directly from (jl.lj) that the "classical 
stress tensor" components 

T {c) = -\{d^f+ l -d 2 V (1.2) 

tw = -1(^) 2 + ^V 
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are holomorphic and antiholomorphic functions of z respectively, i.e., dT^ c > = 0; dT^ c > = 0. 

Consider the infinite series of fields Vn^ = e^ 1- "^/ 2 , n = 1,2,3,.... First representa- 
tives of this series 1, e _¥,//2 , e _</3 , e~ 3ip ^ 2 , e~ 2ip , . . .. are straightforwardly verified to satisfy the 
following differential equations 

9-1 = 

(d 2 + T^)e-^ 2 = 
(d 3 + 4T (c) <9 + 2dT (c) ) e~ v = 
(<9 4 + 10T (c) <9 2 + 10<9T (c) <9 + (9T (c)2 + 3d 2 T (c) )) e^' 2 = 
(d 5 + 20T (c) «9 3 + 30<9T (c) «9 2 + (64T (c)2 + 18«9 2 T (c) ) d + (64T (c) «9T (c) ) + 4«9 3 T (c) ) e" 2 ^ = 

'(1.3) 

and the same equations with d and replaced by 3 and T^ c \ It is commonly believed that 
this series of relations goes on ad inf and for each Vn , n = 0,1,2,... a unique differential 
operator exists (albeit its form is unknown in general) 

£>( c ) = d n + . . . + (n - l)d n ~ 2 T (c) (1.4) 

(the coefficients being graded polynomials in and its derivatives) such that 

D®V® = fiWyW = o (1.5) 

The "left" operator = B n + . . . + (n-l)<9 n ~ 2 T M differs from ((HJ) in the same replacement 
d -> 5 and -> f( c ). 

Let us now take the fields <^vi c \ n = 1,2,3,..., i.e., <p, y^e -1 ^ 2 , (pe~ ip , (pe~ 3ip ^ 2 , v^e -2 ^, 
etc.. Then, 

D^D^ip = Me* 
D®D® ( V e-v/ 2 ) = -M 2 e 3 ^ 2 

D®D® ((pe"?) = 3M 3 e 2 * (1.6) 
DfDf ( V e- 3 ^ 2 ) = -18M 4 e 5 ^ 2 
D®D® (pe- 2 *) = 180M 5 e 3 ^ 

The first line is just the Liouville equation of motion. The next are verified by a straightfor- 
ward differential calculus with the use of the Liouville equation. It seems natural to surmise 
in general 

D®D® (cpe^ n ^ 2 ) = 5(^(1+^/2 (1.7) 

with 

S (c) = 2 {-)^n\{n - 1)! I y J (1.8) 
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It is the matter of this lecture to demonstrate that similar, but somewhat extended 
set of relations holds between the operators in quantum Liouville field theory [I]. The 
talk is organized as follows. In the next section we describe very briefly the Liouville field 
theory, mainly to introduce the notations and remind the basic features. In sect. 3 the 
degenerate primary fields V m ^ n in Liouville field theory are discussed in some more detail and 
the basic operators D m>n are definded. Sect. 4 introduces the corresponding logarithmic 
Liouville primaries V^ n , and lines out some of their basic properties. These fields are 
basically the derivatives of general Liouville exponential V a at the point a mjn . Such fields 
were considered in the context of 2D Liouville gravity in paper [23- The main proposition 
about the effect of D m ^ n D m>n on n is proven. Then, in sect. 5 the quantum higher equations 
of motion are carried out. Some applications are finally discussed in a pure algebraic problem 
(sections 6 and 7) as well as in the minimal Liouville gravity (sect. 8) 



2. Liouville field theory 

Liouville field theory (LFT) is defined by the Lagrangian density pQ 

C = -^(d a <P) 2 + ^ b t> (2.1) 

where is the Liouville field and b is the dimensionless coupling. Scale parameter /i is called 
the cosmo logical constant. LFT is a particular and rather specific example of conformal 
field theory (CFT). Conformal invariance follows from the existence of holomorphic and 
antiholomorphic components of the stress tensor 

T(z) = - (d(j)) 2 + Q<9 2 (2.2) 
T(z) = -(d^ 2 + Qd 2 4> 

where the convenient combination 

Q = b- 1 + b (2.3) 

(Q is called traditionally the background charge) is introduced. This stress tensor gives rise 
to the right and left Virasoro symmetries with central charge 

c L = 1 + 6Q 2 (2.4) 

in the space of states and in the space of local fields. 

Action (|2.1|) describes the local properties of the system. Different problems in LFT are 
specified by the boundary conditions and correspond to different geometries. E.g., in the so 
called spherical geometry the field is defined over all two-dimensional plane and has the 
following behavior at \x\ — > oo 

<f>(x) ~ -2Qlog|z| +0(1) |x|^oo (2.5) 
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Formally Lagrangian (|2.1|) leads to the following equation of motion for the field <fi 

ddcf) = nbfie 2 ^ (2.6) 

Classical Liouville equation (jl.ljl is recovered in the classical limit b 2 — > of the quantum 
construction. In this limit the classical fields and parameters are related to the ones of this 
section as 

2b(f) -> ip 

T -> r 2 T (c) (2.7) 
2tt//6 2 -> M 

In practice it is hard to construct the solution of LFT starting directly from equation 
of motion (|2.6|h It turns out more productive to begin with certain set of rather natural 
premises which permit to construct LFT as a complete and coherent set of CFT-consistent 
correlation functions of basic primary fields. Then it can be demonstrated that properly 
defined field <p (which is not a primary field in the CFT context) satisfies eq. (|2.6|) 4j. This 
observation makes it natural to interpret the whole construction as the exact solution of 
LFT. 

First, one presumes the existence of the continuous set of basic local primary fields V a 
parameterized by (in general complex) parameter a. This parameter is usually supposed to 
satisfy the restriction 

Rea<Q/2 (2.8) 

called the Seiberg bound [3]. Operators V a are interpreted as the properly regularized expo- 
nentials in the Liouville field <ft 

V a (x) = e 2a4,{x) (2.9) 

With respect to the conformal symmetry these fields are scalar primaries of dimensions 
(A a ,A a ) 

A a = a{Q-a) (2.10) 

It is convenient to normalize these fields through the two-point function (V a (x)V a (0)) = 
S(a) (xx)~ 2Aa with 

cv \ ( //^\(Q-2a)/£, -y(2ab-b 2 ) 
S{a) = ^ 7(6 } ) 62 7 (2 - 2a6-i + b^) 

Here and below the standard notation 7(2) = T(x) /T(l—x) is used. In this normalization the 
operator product expansion algebra of these basic primaries is determined by the three-point 
function in spherical geometry 

W»<«i)iU*,)iW*,)> = ( Jl ^ 1 , )a ,^,- a .(^pd,( IMaM ) a , +a ,- aj < 2 ' 12 > 



4 



where the structure constant C(ai,a 2 ,a 3 ) has the following explicit form [HE] 



,2^\ (Q - E ^ )/b 



C(a u a 2 ,a 3 )=[n^)b^) ~ x 

T'(0)T(2«!)T(2« 2 )T(2« 2 ) 



Y(J2i=i a i ~ Q)Y(ai + a 2 - a 3 )T(o;2 + a 3 - a 1 )T(a 3 + a t - a 2 ) 



(2.13) 



Special function T(x), introduced in [5J, is closely related to the Barnes double gamma 
function [Bj. It satisfies the following defining functional relations 

T(x + b)= jibx^-^Tix) (2.14) 
T(x + r 1 ) = 1 {b- 1 x)b 2b ' lx - 1 T(x) 

It is important to note that these basic characteristics are analytic (meromorphic) func- 
tions of parameters a. In particular, from the analytic point of view nothing special happens 
at the Seiberg bound (|2.8|) . This means that the latter is more an interpretational concept 
then a genuine analytic bound. In fact it is possible to define formally the "exponential" 
operators ()2.9|) with Re a > Q/2 as the analytic continuation from the "physical" region 
Rea < Q/2. Under this continuation the reflection relation between the exponential opera- 
tors 

V a = S(a)V Q . a (2.15) 

holds [HE!. 



3. Degenerate Liouville primaries 

Among the exponential primaries V a there is a discrete subset V m) n = Va m ,„ where (m, n) is 
a pair of positive integers. They correspond to special values of the parameter a = a r 



'rnji 



a m , n = -(m-l)b- 1 /2-(n-l)b/2 (3.1) 
These fields are called degenerate, because the corresponding dimensions 

_Q^_ (mr 1 + nbf 

are the Kac dimensions [Zj of the degenerate representations of the Virasoro algebra with 
central charge (|2.4jl . The corresponding (say "right") null- vectors appear at level mn. They 
can be represented as the action of certain operators D m n on the highest weight vector V m>n . 
Operator D m n is a graded polynomial of level mn in the right Virasoro algebra generators 

D m , n = L™ + d™> n (b)L_ 2 L™~ 2 + ... (3.3) 

Of course there are also "left" null vectors created by the left operators D m n (with all "right" 
Virasoro generators L n replaced by the "left" ones L n ). 
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Up to now I ignore the generic form of the coefficients <i™' n (6) in ()3.3|) . Level by level 
they can be carried out by a straightforward algebra jH]. E.g., at level 2 one finds (below we 
don't quote the corresponding "dual" operators since D m<n is related to D n>m simply by the 
substitution b — ► 

£>i, 2 = L\ + 6 2 L_ 2 (3.4) 

At level 3 

£>i, 3 = Li x + 46 2 L_ 2 L_ 1 + 26 2 (l + 26 2 ) L_ 3 (3.5) 

and at fourth 

D lA = Lt x + m 2 L_ 2 L\ + 2b 2 (5 + 126 2 ) L_ 3 £-i + 96 4 L 2 2 + 66 2 (l + 46 2 + 66 4 ) L_ 4 
^2,2 = ^ 4 _! + 2 (ft" 2 + 6 2 ) L_ 2 L 2 l + 2 (r 2 + 3 + b 2 ) L_ 3 L_! + (r 4 - 2 + 6 4 ) L 2 _ 2 + (3.6) 
+ 3 (r 2 + 2 + b 2 ) L_ 4 

One of the basic assumptions in the LFT construction [9J, which allows in fact to recon- 
struct the whole structure including operator product algebra ()2.13|) [10J, is that for each 
(m, n) the null- vectors created by the action of D m n or D m n vanish 

^m,riS^m,n -D m<n V mrl (3.7) 

With standard interpretation of the Virasoro generators in terms of the stress tensor, L_i — > 
d and (n — 2)!L_ n — > d n ~ 2 T at n > 1, these equations can be viewed as linear differential 
equations for V m>n , the coefficients being graded polynomials in T and its derivatives. Only 
the subset (l,n) allows a smooth classical limit. It reduces to (jl.3|) at b ^ 0, relation ()2.7|) 
between the quantum and classical stress tensor components being taken into account. 

4. Logarithmic degenerate fields 

Define the logarithmic field 

Corresponding to the degenerate set V m ,n we have the following discrete set of logarithmic 
fields 

^m.n = Kll«=«m,n (4-2) 

For example, V[ x is the Liouville field itself, V{ 2 — 4>e~ b ^ etc. 
Proposition: 

D m>n D m , n V^ n (4.3) 

is a primary field. 

Proof: Consider first D m , n V a in the vicinity of a = a m , n . From analyticity in a, men- 
tioned above, we have D m n V a = (a — a m<n ) A m ^ n +0 ((a — a m ^ n ) 2 ) where A m n is an operator 
of dimension (A m n +mn, A m n ) which is no more left primary but still a right primary. Hence 
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D m ,n^m,n = 2-D mi „-D min n * s a l so a right primary. In the above consideration one could 
inverse the roles of D m>n and D m n and therefore D m jn D m n is also a left primaryD 

Thus Dm^Dm^V^n is a primary of dimension (A m>n , A m>n ) where A m>n = A m _ n + mn. 
In the primary field spectrum of the Liouville field theory there is an exponential field V a 
with a = a m , n 

a m , n = -(m-l)/2 + (n + 1)6/2 (4.4) 

which we denote V m , n = V& m , n , of the same dimension (A mi7l , A mjTl ). The main goal of this 
work is to establish the operator-valued relation 

D m ,nDm,nV m n B m , n }/ rnn (^"^) 

and calculate explicitly the numerical coefficients B m<n . 
5. Higher equations of motion 

In what follows it will prove convenient to replace sometimes parameters a in the fields V a 
by slightly different ones A defined as 

a = Q/2-\ (5.1) 

The reflection a — > Q — a is simply A — > —A, dimensions A Q = Q 2 /4 — A 2 being even 
functions of A. Introducing the notation 

X m ,n = (mb- 1 + nb)/2 (5.2) 

let's define also the following polynomials for every pair (m,n) of positive integers 

Pm,n{ x ) = Y\( x ~ Ks) ( 5 -3) 

r,s 

where the pair of integers (r, s) runs over the set 

r = — m + 1, — m + 3, . . . , m — 2, m — 1 (5-4) 
s = — n + 1, —n + 3, . . . , n — 2, n — 1 

Polynomial p m>n (x) has the order mn in x and the same parity as the product mn. 

Operator-valued relation (|4.5J) means that for every multipoint correlation function the 
equality 

(^m.n^m^V^^V^j . . . Va N ^) = B m n (V m n V ai . . . V aN / (5-5) 



holds. Due to the conformal invariance of the theory it is enough to verify this relation for 
the structure constant in the operator product expansions, or equivalently, for the three- 
point function. Hence, we have to compare C' mn = (D mtn D mtn V^ n (x)V ai (xi)V ol2 ( y X2)) and 
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C m:n = (V min (x)V ai (xi)V a2 (x 2 )j- While the second three point function is obtained from 
1)2.12)1 straightforwardly 

g C(a m ,n, ai, q 2 ) , 

m ' n ~ I ,2Ai+2A 2 -2A m , n I ^ ,2A m , n +2Ai-2A 2 i ^ |2A m ,„+2A 2 -2Ai ^ ' ' 

•"12 2- — ^1 \% — 3^2 1 

evaluation of the first one involves some subtleties. First notice that C(a, ati, a 2 ) has a first 
order zero as a — » a m>n . Thus 

«»(^)V r « 1 (xi)V <ft (x 2 )>= (5.7) 
dC( y a,a 1 ,a 2 )/da\ a=amtn 

i i2Ai+2A 2 -2A m ,„ I |2A m ,„+2Ai-2A 2 i i2A m , n +2A 2 -2Ai 

/ | x 12 1 x — cCx | — 1 

Now, the action of -D m ,n and D m >n affect only the coordinate dependence of the correlation 
function, acting on the holomorphic and antiholomophic factors independently. E.g., D m>n 
reduces to a certain differential operator 

V m , n = (d/dx) mn + ... (5.8) 

in x, x\ and x 2 of maximal order mn (the term written up in (J5.8)) explicitly), the coefficients 
being rational functions in the coordinates. Kinematics of conformal field theory ensures that 
(remember that D m<n produces a primary state of dimension A mi „ after acting on a primary 
of dimension A m n ) 

V m ,n( X 12) Am - n ~ Al ~ A2 (x ~ X^-^-^ix - X 2 ) ^~^-A m , n 

= P m , n (A 1; A 2 )(X 12 ) A — - A - A2 (X - Xl )A 2 -Ai-A m ,„ (x _ X2 ^-A 2 -A m>n (5 g) 

where P m ,n is a polynomial in Ai and A 2 . Again, it is easy to argue that (consider that 
each appearance of L_ n with n > 1 in the explicit expression of D m n gives at most a first 
power of A while decreasing the order of d in the differential operator V m , n by at least two) 
the maximal order (in Ai and A 2 ) term in P m>n (Ai, A 2 ) is provided by the term (d/dx) mn 
explicitly written down in 1)5.8)1 . Thus 

P m , n (A 1 , A 2 ) = (A 2 - A 1 ) mn + lower order terms (5.10) 

Moreover, it is well known since jjj, that the left hand side of eq. (J5.9)l kinematically vanishes 
if the dimensions Ai and A 2 satisfy the fusion rules of the degenerate operator V m>n . Let me 
remind that it is this fact that allows to interpret the fusion rules as a consequence of the 
vanishing of the null- vector (J3.7)) . In terms of Ai and A 2 the fusion relations are conveniently 
summarized as [H] 

A+ = Ai + A 2 = X r ,s or (5.11) 
A- = A 2 — Ai = A r s 



8 



with any pair (r, s) from the set (|5.4j) . Therefore the polynomial P m>n (Ai, A 2 ) is proportional 
to p m ,n(A + )p m>n (A_). Comparing the maximal order term in the product ()5.3j) with ()5.1U|) 
we see that in fact it is equal to this product 

Pm,n\^li A 2 ) = Vm,n (A x + A 2 )p m , n (A 2 - Ax) (5.12) 

The same arguments are applied to the action of D mn . Thus 



m ' n ~~ O U |2A 1 +2A 2 -2A m ,„ I i2A m ,„+2Ai-2A 2 1 „ ,2A m , n +2A 2 -2Ai ^ ' ' 

/ X12 X — 3^1 \X — X 2 



With explicit expression (|2.1Hj) for the structure constant this gives (recall that a r 
Q/2 — X m , n and oi m ^ n = Q/2 — \ m _ n ) 

c L,n dC(a,ax,a 2 )/da\ a=olmn / ,, 2 N>2-26 2 \ n T '( 2 « m ,n 



7r^(6 2 )fo 2 - 2b2 ) ^p^-x (5.14) 



Cm,n-P^ n (Ai, A 2 ) 2C« n , «!,«,) V " ; T(2a, 

T(Q/2 — A + — A m;W )T(Q/2 + A + — A m;n )T(Q/2 — A_ — A m; „)T(Q/2 + A_ — A m) „) 
T(Q/2 - A+ - A m , n )T(Q/2 + A + - A m>n )T(Q/2 - A_ - A m>n )T(Q/2 + A_ - A m ,„) 

where we've introduced X mtn = A m _ n . 

The shift relations (|2.14jl allow to establish the following identity for the T-functions 

T(Q/2 + x - A m ,- n )T(Q/2 -x- A m ,_ n ) = {-l) mn 
T(Q/2 + x - X m>n )T(Q/2 - x - A m , n ) Pm, n i x ) 

Thus, all the dependence on the parameters ai and a 2 disappears in the ratio of the structure 
constants leaving a constant, which is interpreted as the constant B mn in the operator 
relation (J4~5j) 

( D rn,nD m , n V^ n (x)V ai (x^Va^)) ( 2 2 _ 2fe2 \ « T'(2a ro , n ) 

7^ r = An,n = bl"W> )6 ^77^ T ( 5 - 16 ) 

The ratio in the right hand side can be further simplified to 



m—l 
n-l 



B mtn ={K^ 1 {b 2 )) n b l+2n - 2m 1 {m-nb 2 ) J] (Ib^ + kb) (5.17) 

fe=l— n 
1=1— m 

(*,0^(o,o) 

Let's consider few properties of this expression. 

1. Classical limit. Only the Bi n series of equations admits the classical limit b —>■ 0. 
In this case 



and in the limit 

^^W 1 -^'"'"' (5.19) 

This conforms expression ()1.8j) (remember that ip ~ 2b(j) and -K^{b 2 ) -> M at 6 -> 0). 

2. Duality. Replace the field V^ in = V^-r, with the "reflected" one S(« mi „)yQ_ 5m n 
from eq. (|2.15jl . Explicitly 

o/~ \ / f i2\\™b- 2 -n j{l-m + nb 2 ) 

S(a m ,„) = ^ (1 + mt -,_ B) (5-20) 



so that 



m— 1 
n-1 

VKJ=(¥7r 2 )) n/J >- 1 ) 1+2n " 2ra 7(m-^ 2 ) J] (Ib + kb- 1 ) (5.21) 

fc=l— n 
Z=l — m 

(fc,0^(o,o) 

This manifests the duality PQ with respect tom^n combined with 6 — > b^ 1 , \i — > fi where 

vr/i 7 (r 2 ) = (n^(b 2 )) 1/b2 (5.22) 

6. Norms of logarithmic primaries 

Take operators D m>n from eq. ()3.3|) acting in the space of highest weight vector \a) represen- 
tation of Virasoro algebra with central charge (|2.4|) and dimension A = a(Q — a). Let the 
norm be provided by (a\a) — 1 and L n = L_ n . In particular, this defines D^. Apparently 

( a \ D Ln D 'm,n\a) = {a - a mn ) r mn + o((a- a mn ) 2 ) (6.1) 

where r m n are coefficients dependent only on b. Can we say anything about r mn ? Manipu- 
lations with Virasoro algebra give quite suggestive products 

r 12 = -46- 1 (l-6 2 ) (1 + 6 2 ) (1 + 26 2 ) 

rig = 24r : (1 - 26 2 ) (l - 6 2 ) (l + b 2 ) (l + 26 2 ) (l + 3b 2 ) (6.2) 
r M = -2886- 1 (1 - 3b 2 ) (l - 2b 2 ) (l - b 2 ) (l + 6 2 ) (l + 2b 2 ) (l + 36 2 ) (l + 46 2 ) 
r 22 = _l6r 9 (1 - 6 2 ) 2 (1 + b 2 ) 2 (1 - 26 2 ) (1 + 26 2 ) (2 - b 2 ) (2 + 6 2 ) 

Is there any general expression? 
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7. Poincare disk one-point equation 



Being a local operator identities, eqs. (|4.5jl should hold as well for the Liouville theory in the 
Poincare 'disk geometry [H], in particular for the one-point function. The one-point function 
on a pseudosphere reads jTTj 

_ sin (jrb^Q) sin (nbQ) sin (npb' l (Q - 2a)) sin {nqb(Q - gap) , , , , 
mW ~ sin(vr6-VQ)sin(7r6gg)sin(7r6- 1 (Q-2a))sin(7r6(g-2a)) 1 j 

where 

r/ , (7T^))- a/b T(bQnb-'Q)Q 
lA ' r(6(g-2a))r(6-i(g-2a))(g-2a) 1 ' J 



We are looking for the following ratio 



It is easy to see that the prefactor in equation (|7.1|) exactly cancels out in the ratio so that 
it does not depend on (p, q) and 

Multiplying this by 2B mn from (|5.17|) we obtain an expression 



2 ] [ (Ib^ + kb) (7.5) 



fe=l— n 
1=1— m 

(fc,0#(o,o) 



which generalizes the manual results (|fi.2jl . It seems relevant to compare this product with 
the denominator in eq.(7.10) of ref. [Sj. 



8. Application in "minimal" gravity 

What such equations can be good for in physical context? Very likely they might be useful 
in Liouville gravity (LG) (i.e., the field theory approach to 2D gravity based on the Liouville 
field theory). To illustrate the idea consider the following simple example. Let (U\ . . . U n ) LG 
be the LG correlation function of any number of matter primary fields $j "dressed" by 
appropriate Liouville exponentials V ai so that Ui = QiV ai . From (j2.1|) we have 

— (m . . . U n ) hG = J {U!...U n e 2b ^x)) LG d 2 x (8.1) 
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Substituting in the r.h.s exp(260) from the basic equation of motion (|2.6|) one reduces (|8.1|) 
to 

q-(Ui... U n ) LG = —j(U 1 ...U n dd4>(x)) LG d 2 x (8.2) 

which can be integrated by parts, i.e., turned to contour integrals. Considering the operator 
product expansions 

4>{x)V a {x') = a log \x - x'\ V a (x') + ... (8.3) 

and the asymptotic 

0(x)~Qlog|x| (8.4) 
as \x\ — > oo one summarizes the boundary terms as 

^...W^S^p,...^ (8.5) 

The basic Liouville equation of motion allows to carry out explicitly every (integrated) 
insertion of the particular operator Uj = exp(260) reducing it to the correlation function 
without insertions. 

Of course, for more general dressed insertion this trick is not supposed to work any more. 
Something exceptional happens in the case of "minimal" gravity. The term minimal gravity 
(MG) stands here for the Liouville gravity induced by a single minimal CFT model M. VA ( + 
ghosts) and then possibly perturbed by all primary fields of Ai p , q - Unlike general Liouville 
gravity, MG is expected to be exactly solvable. This is because the matrix model approach 
to 2D gravity (for a review see e.g., [12]) provides explicit expressions for many observables 
in what is believed to be equivalent to MG. 

In Liouville gravity it's reasonable to start with unperturbed (conformal) matter. Confor- 
mal matter doesn't interact with the background except for through the conformal anomaly. 
The Liouville gravity is decoupled to pure matter CFT, Liouville and ghosts. In minimal 
p, q gravity the matter central charge is 

c M = 1 - 6(r x - bf (8.6) 

where b = \fpjq. We keep the same notation b for this parameter as for the Liouville 
parameter in the previous sections because it's in fact the one. For, the Liouville central 
charge ()2.4)1 correctly adds up with ()8.6)1 

c M + c L = 26 (8.7) 

In principle b 2 is a rational number but for what follows it doesn't really matter, it can 
arbitrary. 

Possible perturbations are the fields $ mj „ from the spectrum of Ai P , q - They have dimen- 
sions [H] 

A (M) = ( b ' lm - hn f - - h f = 1 _ A 
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with A m „ = a m n (Q — a m>n ) and a m ^ n from eq. (|4.4|) . Thus the Liouville field V m ,n of sect. 4 
can be used as the "gravitational dressing" of $ m , n and the perturbing operator of dimension 
(1,1) is 

U m , n (x) = $m,nV m ,n( X ) ( 8 - 9 ) 

It is one of the peculiarities of MG: all matter fields are "dressed" by Liouville exponentials 
entering the higher equations of motion ()4.5j) . 

Our first goal is to learn to integrate such insertions 

(U m>n (x) ■ ■■) MG d 2 x (8.10) 

where (. . .) MG stands for the joint correlation function of matter, Liouville and ghosts, and 
. . . is for any observable. Higher equations of motion (|4.5|) allow to substitute the Liouville 
part of this insertion as 

<A X ) ■■■)mg A ( 8 - U ) 

J -^m,n J 

What is also specific for MG is that the matter fields & m ,n are all degenerate jH] 

£)( M )<J> = _d( m )$ =n (8 12) 

where D^l is the matter version of the Liouville operator T) mn . In fact, D^l is explicitly 
obtained from D m>n by replacing all L n with the matter conformal generators Ln and 
substituting b 2 — > —b 2 . This allows to define the joint operators 

T^m,n — D mn — D^ n (8.13) 

and write 

r (UmAx) ■ • ->mg = [ (V mtn V min Q' min (x) . . -> MG d 2 x (8.14) 
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where Q' mn = <£> m , n V^ n . 

A very likely statement is that if ... in this correlation function is BRST closed, the 
integrand in the right hand side of ()8.14|) is a derivative in x and x 

(6^) = dd (H mtn H m!n Q' mjn ) + BRST exact 

and thus can be reduced to boundary terms. Here H m n are operators of level mn and ghost 
number constructed from L n , Ln and ghosts. Few such operators were explicitly derived 
in refs.|I3llI3|II5!. 

Let's present here an explicit calculation for the simplest example (m, n) = (1,2). In this 
case 

^1,2 = d 2 L - d 2 M + b 2 C_ 2 (8.15) 
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where C n = L n + Ln . It is verified straightforwardly that 

^1,2^1,2012 - dd (H 12 H 12 Q[ 2 ) = (8.16) 
b A { Q,{Q, BBQ[ 2 }} -b 2 {Q,d {H 12 BQ' 12 ) } - b 2 { Q, d {H 12 BQ' 12 ) } 

Here B and C are ghost fields (we use here the unusual upper case letters for the usual 
ghosts for not to mix B with the parameter b of minimal gravity), Q is the BRST charge 

/dz 

(C(T L + T M ) + C8CB) — (8.17) 

and operator H\ 2 reads explicitly 

H 12 = du-d L + b 2 CB (8.18) 

Notice, that in the usual ground ring constructions fSl El (see also ^Zj for more recent 
developments) B m , n is applied to mjn = $ m ,nKn,n to obtain the ground ring element 

O m ,n H mn H rnn Q) rnri (8.19) 

Now it is applied to the product $i 2 V{ 2 involving the logarithmic degenerate field of Liouville 
theory. 

If we introduce also the operator Q acting on fields as 

Qf = {QJ} (8-20) 
eq. ()8.16|) can be rewritten in quite a compact and suggestive form 

^i,2^i, 2 0^ = (QB - b 2 dH 12 ) (qB - 6 2 M 12 ) 0[ 2 (8.21) 

where d and 8 inside the brackets act on everything to the right of them. 
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